The transformation of the free-energy landscape from smooth to hierarchical is one of the richest features of mean-field disordered systems. A well-studied example is the de Almeida-Thouless transition for spin glasses in a magnetic field, and a similar phenomenon-the Gardner transitionhas recently been predicted for structural glasses. The existence of these replica-symmetry-breaking phase transitions has, however, long been questioned below their upper critical dimension, du = 6. Here, we obtain evidence for the existence of these transitions in d < du using a two-loop calculation. Because the critical fixed point is found in the strong-coupling regime, we corroborate the result by resumming the perturbative series with inputs from a three-loop calculation and an analysis of its large-order behavior. Our study offers a resolution of the long-lasting controversy surrounding phase transitions in finite-dimensional disordered systems.
Introduction-Spontaneous symmetry breaking can dramatically change material properties. Breaking translational symmetry turns liquids into crystalline solids, breaking gauged phase symmetry gives rise to superconductivity, and breaking non-Abelian gauged symmetry endows elementary particles with mass. In a host of disordered models, a symmetry of the most peculiar type can break. Upon cooling, the mean-field free-energy of these systems develops a finite complexity, i.e., the number of metastable states grows exponentially with system size. The similitude between copies (replicas) of the system then depends on whether or not they belong to a same cluster of metastable states. In particular, right at the transition point, each replica of the system is on the brink of falling into one cluster or another, resulting in critical fluctuations of the similarity between uncoupled copies. Remarkably, such replica symmetry breaking (RSB) accounts for the emergence of glassiness in mean-field models ranging from liquids to optimization problems and neural networks [1] . Mean-field criticality, however, bears the seed of its own destruction. Below the upper critical dimension, d u , violent critical fluctuations challenge the very validity of the approximation within which they were conceived. The existence of a continuous transition into an RSB phase in dimensions d < d u is thus not a foregone conclusion, and its fate in disordered systems remains hotly debated [2] .
An illustrious example of this dispute centers around mean-field models of spins with quenched impurities in an external magnetic field, known to exhibit a de AlmeidaThouless (dAT) transition [3] . This transition accompanies the emergence of continuous RSB with a hierarchically rough landscape, which eventually becomes fractal in the low-temperature limit [4] . Its upper critical dimension, d u = 6 [5] , however, is well above three and the existence of the transition in real physical systems has long been questioned [6] [7] [8] [9] [10] [11] [12] [13] . Recent advances in the mean-field description of structural glasses have unveiled * sho.yaida@duke.edu a new facet of this problem. Solid glasses are also predicted to undergo a critical RSB transition-known as a Gardner transition-upon cooling, compressing or shearing [4, 14, 15] . A growing body of evidence further relates the Gardner transition to the anomalous behavior of amorphous solids compared to their crystalline counterpart, and to a nontrivial critical scaling upon approaching the jamming limit [4, [16] [17] [18] [19] [20] . The question of whether dAT and Gardner transitions survive finite-dimensional fluctuations has thus gained renewed impetus.
The impact of fluctuations on RSB transitions was first examined using the perturbative renormalization group (RG) approach that proved so successful for Ising and other universality classes. A loop-expansion of the field theory appropriate for the dAT and Gardner universality class, however, finds that the critical fixed point is absent to lowest, one-loop order for d < d u [21] [22] [23] . This has led many to conclude that such transitions then either become discontinuous or simply vanish. Yet the lack of dimensional robustness is challenged by numerical evidence supporting the existence of a critical dAT transition in d = 4 [24, 25] and of a critical Gardner transition in d = 3 [26, 27] . An alternate interpretation is that the critical fixed point resides in the strong-coupling regime of the field theory for all d, thus preventing a one-loop calculation from identifying it. A precedent is the CaswellBanks-Zaks (CBZ) fixed point of the non-Abelian gauge theory for elementary particles in 3+1 space-time dimensions [28] . This fixed point is missed at one-loop order but captured at two-loop order. Although the CBZ fixed point generically lies in the strong-coupling regime, which falls beyond the designed range of a perturbative calculation, its existence has been corroborated by adiabatically connecting it to a perturbative fixed point [29] , supported by lattice simulations even in the strong-coupling regime [30] , and established beyond reasonable doubt in supersymmetric theories [31, 32] . Two-loop calculations may thus find fixed points that are missed by one-loop analysis, but additional lines of evidence are then needed to confirm the result.
In this letter, we present field-theoretic calculations that capture the physics of both dAT transitions in spin , and normalized by −3 in (a). The Gaussian fixed point (red dot) is unstable for d < 6. In (b) and (c) a nontrivial fixed point (blue dot) is stable and lies at strong couplings. Its basin of attraction is delineated by two thick lines: one precisely along g I = 0 and the other approximately along g I ≈ g II . Outside this basin, the flow runs toward infinity, which is often characteristic of discontinuous transitions. Note that for d = 5, the flow spirals into the nontrivial fixed point, while for d = 5.5 both fixed points are unstable.
glasses and Gardner transitions in structural glasses. Like for the CBZ fixed point, our two-loop calculation identifies a critical fixed point for d < d u that is missed by the one-loop RG flow. Resummation of the perturbative series at three-loop order supplemented by an analysis of its large-order behavior further supports the robustness of this critical fixed point for the dAT-Gardner universality class.
Field-Theory Setup-The finite-dimensional generalization of the mean-field Edwards-Anderson order parameter for glasses is the replicated overlap field, q ab (x). This field characterizes the similarity at positions x between pairs of distinct replicated configurations through an n-by-n symmetric matrix with a null diagonal; the zero replica limit, n → 0, is taken at the end of the calculations in order to properly average over disorder (see Appendix A). In general, field fluctuations can be subdivided into longitudinal, anomalous, and replicon modes [33, 34] . At dAT and Gardner transitions only replicon modes become critical (massless); the other two remain short-ranged (massive) and can thus be neglected at long distances. We henceforth only focus on the replicon field, φ ab (x), defined by the condition n b=1 φ ab = 0 for all a = 1, . . . , n, thus leaving n(n − 3)/2 degrees of freedom.
In order to investigate the putative critical point, we seek infrared-stable fixed points of the RG flow within the critical surface on which the replicon field remains massless. Within this surface, the field theory is governed by the bare action, S = dxL, with [35] 
which is the most generic cubic action for replicon modes [22] . The effective description of the system then depends on the energy scale, µ, probed. This dependence is encoded in the RG flow of dimensionless couplings, g X (µ) with X ∈ {I, II}, that are related to bare couplings, g X bare , in Eq. (1) (see Appendix B). The flow is governed by β X ≡ µ∂g X /∂µ, and stops at fixed points whereat
. Note that for all d a Gaussian fixed point with g I = g II = 0 exists, but it is stable only for d > d u [21] .
Two-loop RG-Inspired by the CBZ fixed point, we compute the β-functions to two-loop order for the replica field theory in Eq. (1), using the dimensional regularization scheme [28, [36] [37] [38] [39] [40] [41] (see Appendix B). As expected [21] [22] [23] , no stable fixed point can be found at one-loop order for d < 6 [ Fig. 1(a) ]. For d < d 0 ≈ 5.41, however, the two-loop RG flow locates a stable fixed point with a finite basin of attraction [Figs. 1(b) and (c)]. A system lying within this basin eventually approaches the fixed point upon rescaling and is thus critical. By contrast, a system that remains outside the basin cannot continuously transition into an RSB phase, and may instead exhibit a discontinuous transition. Remarkably, the boundary of the basin is closely approximated by the tree-level condition for a critical transition into a RSB phase, i.e., 1 < g II /g I < ∞ [42] . The eigenvalues, λ 1 and λ 2 , of
give the stability exponents that control subleading corrections from irrelevant deformations near the critical point. Figure 2 complex exponents can emerge from the nonunitarity of the replica field theory, and give rise to an oscillatory decay of the appropriate correlation functions in the critical region. Conformality gets lost with the change in the spiral direction at d = d 0 and no stable fixed point can be
In the absence of additional nontrivial fixed points with which to collide [46] , this scenario provides a natural mechanism for exchanging dominance between the Gaussian and the genuinely nonperturbative fixed points as one goes from d > d u down to physical dimensions. We also compute the critical exponents, ν and η, that govern the divergence of the correlation length and the decay of two-point correlation functions at the critical point, respectively [ Fig. 2(b) ]. The former is obtained from the relevant deformation by the quadratic coupling that drives the system away from the critical surface (see Appendix C). Estimates of ν and η agree qualitatively with the trend observed in d = 4 simulations [24] ; η is negative and ν is larger than its mean-field value, ν MF = 1 2 .
Resummation-Because the critical couplings are of order unity for all d < d u [ Fig. 2(c) ], resummation is needed to assess the existence of the fixed point. (Without a careful resummation, even the d ≤ 3 Wilson-Fisher fixed point for the Ising universality class disappears [47] .) A field-theoretic perturbative series is indeed generically not convergent but rather asymptotic. More precisely, a formal series in terms of the coupling constant,
typically has coefficients that exhibit a factorial growth, i.e., f k ∼ k! (−1/A) k , with a large-order constant A given in terms of the saddle-point action [48, 49] . Although a truncation to the first couple of terms may yield a good approximation in the weak-coupling regime, the series itself is not mathematically well defined.
Borel resummation is the most common scheme used to give epistemological traction to a fixed point. The approach starts from the observation that a Borel trans
, has a finite radius of convergence, |A|. Using the identity k! =
. The analytic continuation of the Borel transform onto the whole positive axis then unambiguously defines the function f . There is typically no problem to this analytic continuation when A > 0, hence the series is then deemed Borel-summable.
In order to adapt the above scheme to a replica field theory with two cubic couplings, we define g I , g II ≡ g(cos θ, sin θ) and regroup the double series, with the power of g 2 counting loop order:
The Borel-summability of the series is then governed by the angle-dependent large-order behavior
Consequently, as has been observed for the Abelian gauge theory with background fields [50] , Borel-summability depends on the ratio of two couplings, as encoded in the saddle-point solution to the classical equations of motion for replicons [51] .
Among nontrivial saddles, we assume [52, 53] that the saddle of the form
4 dictates the value A(θ). Here F is a spherically symmetric function that solves
obtained numerically through the pseudospectral method [54, 55] , and v
ab is the replicon component of the Parisi RSB ansatz [1, [56] [57] [58] . Computing the action of the resulting saddle (see Appendix D) indicates that a solution exists if and only if 1 < tan θ < ∞, with
where c d is a d-dependent positive constant. The series is thus Borel-summable within the wedge 1 < g II /g I < ∞, consistent with the mean-field consideration [42] and the two-loop basin of attraction obtained above. This result thus validates our perturbative treatment of the strongcoupling regime within the basin of attraction.
Given the large-order behavior at hand, we further compute the critical properties of the fixed point by resumming the three-loop series, analytically continuing the Borel transform through the conformal mapping [59] (see Appendix D). Comparing the two-loop and the resummation results upon inclusion of higher-order contributions ( Fig. 2) confirms that the fixed point is robustly conserved for d < ∼ 5.05. The critical exponents from the two schemes further qualitatively agree with one another.
Conclusion-The nontrivial critical fixed point identified here governs both dAT and Gardner transitions in d < d u . An RSB transition for the underlying universality class is thus possible over a broader d range than previously thought [60] [61] [62] . The RG flow diagrams ( Fig. 1 ) and the large-order behavior, however, make it clear that not all microscopic models belong to the basin of the attraction of the critical fixed point. This realization offers a possible explanation for the absence of dAT criticality in the Edwards-Anderson model in d = 3. The model may simply remain outside the basin of attraction, and thus be governed either by a discontinuous transition into the RSB phase or by the two-state droplet picture [6] [7] [8] [9] [10] . Enlarging the range of disordered spin systems used for studying RSB criticality would clarify this last point.
Our results further highlight various future research directions. First, they guide efforts in systematizing nonperturbative RG methods [63] and controlling conformal bootstrap techniques for nonunitary theories [64] [65] [66] [67] . Both approaches should find the nontrivial critical fixed point when applied to the replica field theory. Second, conflicting results have been obtained for the lower critical dimension, d l , from a heuristic interface argument [68] and from a correlation-function argument [69] . The dimensional dependence of the infrared divergence associated with soft modes thus deserves further scrutiny. Third, extending the current approach will enable the study of the RG trajectory between the critical point identified here and the multicritical fixed point found perturbatively for the spin-glass transition in absence of external magnetic field [5] , whereat longitudinal and anomalous modes become massless concurrently with the replicons.
Appendix A: Replica field theory formalism
The basic object in the replica field theory is the overlap field, q ab (x), which is symmetric, q ab = q ba , and has no diagonal degree of freedom, i.e., q aa = 0, for replica indices a, b running from 1 to n. The overlap field naturally decomposes into 1 longitudinal, (n − 1) anomalous, and n(n − 3)/2 replicon modes, for a total of n(n − 1)/2 modes [21, 22, 34] . For perturbative calculations, we work within the critical surface on which replicon modes become massless while longitudinal and anomalous modes generically stay massive, and seek infrared stable fixed points within that surface. For convenience we introduce an orthonormal basis of replicon modes that satisfies for all a = 1, . . . , n and i = 1, . . . , n(n − 3)/2. With this notation, the replicon field can be written as
and the bare massless Lagrangian as
where
and
with 
It has been shown in Ref. [22] that, for replicon modes, these two terms exhaust all the cubic terms that are symmetric under the permutation of replica indices. Note that: (i) the action is symmetric under inverting the couplings g (ii) a linear term is absent due to the replicon condition; (iii) the relevant quadratic mass term is suppressed for the calculations of β-functions within the critical surface but later added to calculate the critical exponent ν in Sec. C; (iv) unlike in the Ising model, the cubic terms are not redundant even in the presence of higher-order terms, because one cannot shift replicon modes by a constant; and (v) the cubic field theory has an upper critical dimension d u = 6 and the Gaussian fixed point becomes unstable for ≡ d u − d > 0. Although cubic field theories with different symmetry structures have been studied up to four-loop order [39] [40] [41] , these results are here of limited interest because their actions belong to different universality classes.
The zero replica limit, n → 0, is taken at the end of the calculation in order to properly average over disorder. For spin glasses, disorder comes from quenched impurities. For structural glasses, by contrast, disorder is self-induced by reference configurations. For instance, one can follow the overlap between a reference configuration sampled right 6 before falling out of equilibrium and replicated configurations out of equilibrium at a lower temperature or higher density, as well as the overlap among the latter set of configurations. This scheme results in the state-following ensemble, in which the overlap field is an (m + n)-by-(m + n) matrix field with n → 0 and m = 1. Because replicon modes responsible for the Gardner transition reside within the n-by-n submatrix, we can set the relevant number of replicas to 0 for calculations within this ensemble. For the so-called Edwards-Monasson ensemble, however, the number of replicas at the Gardner transition can lie anywhere within the range [0, 1]. Given that sampling protocols and experimental relevance of the Edwards-Monasson ensemble are less transparent than for the state-following ensemble, we here present results for the zero replica limit n = 0 only. Note, however, that we do not observe any qualitative changes as a function of the number of replicas, except when n is near 1. The topology of fixed points then becomes complex, at least within the two-loop renormalization group scheme. In some dimensions d, the nontrivial fixed point disappears; in other dimensions, additional fixed points appear. In particular, just below d u = 6, the finely-tuned fixed point first found in Ref. [23] emerges near n ≈ 0.90. Although of certain interest, this fixed point appears to be nongeneric.
Appendix B: Two-loop β-functions
In this section we derive two-loop β-functions for the replica field theory within the dimensional regularization scheme. The results of computations for two-loop amplitudes are reported in Sec. B 1. Dimensional regularization is implemented in Sec. B 2, culminating with the derivation of the β-functions in Sec. B 3. Sec. B 4 lists various replica combinatorial factors.
Feynman diagrams
To derive β-functions within the dimensional regularization scheme, we only need to calculate a few class of amplitudes associated with one-particle irreducible Feynman diagrams. Specifically, we need the bare self-energy,
which is given by the sum of all one-particle-irreducible Feynman diagrams with two external legs (Fig. S1 ), and the bare cubic vertex given by the sum of all one-particle-irreducible Feynman diagrams with three external legs (Fig. S2 ),
We introduced the renormalization energy scale µ, making Γ B 's dimensionless. To further lighten the notation, we introduce dimensionless bare couplings
for X ∈ {I, II}. The above amplitudes can formally be expanded in perturbative series as
The series coefficients, h Z m1,m2 and h X m1,m2 , are what need to be calculated. Besides the tedious replica combinatorial factors and the presence of two distinct cubic couplings, factors arising from momentum integrals are the same as for simpler cubic theories, as worked out in Ref. [39] to two-loop order, in Ref. [40] to three-loop order, and in Ref. [41] to four-loop order. Defining the common factor arising from the spherical integral, i.e. the volume of a unit sphere divided by the Fourier factor for a loop-momentum integral, and momentum-dependent functions
amplitudes that appear in the cubic theories up to two-loop order are [39]
, and
We then incorporate the replica combinatorial factors arising from the tensorial contractions of indices running in the loops, in addition to the standard symmetric factors associated with the respective Feynman diagrams. The 
where the replica combinatorial factors are defined through 
where replica combinatorial factors are defined through
and symmetric under permutations of indices (X 1 , X 2 , X 3 ). Their expressions are listed in Eq. (B37). For later development, it is important to note that these coefficients satisfy the 't Hooft identities
which can be derived diagrammatically by cutting appropriate two-loop self-energy diagrams in different ways and can also be checked explicitly through Eqs. (B36) and (B37). With these identities in mind, the two-loop self-energy 
where we introduced new replica combinatorial factors of the form
with values listed in Eqs. (B38) and (B39). Note that they are symmetric under permutations of the first three indices (X 1 , X 2 , X 3 ) and of the last two indices (X 4 , X 5 ).
Dimensional regularization
All the bare amplitudes,Π B and Γ X B , diverge as → 0 + (with the ultraviolet cutoff for the momentum integral, Λ, kept infinite), but dimensional regularization tames these infinities [36] [37] [38] . In this scheme, bare couplings are first expanded in terms of physical running couplings, g I P , g II P , as
and the field is renormalized by introducing the wavefunction renormalization factor,
Note that we have factored out the spherical factor K d from cubic couplings, as is conventionally done. We then regulate divergences by adjusting series coefficients so as to keep the following renormalized physical amplitudes finite in the limit → 0, i.e.,
Specifically, order by order, we adjust the series coefficients, f Z m1,m2 and f X m1,m2 , so as to keep quantities (B26) and (B27) finite by minimally subtracting the poles in stemming from those residing in h Implementing this scheme, the wavefunction renormalization condition of Eq. (B26) at leading one-loop order yields
Similarly, the cubic vertex renormalization condition (B27) at one-loop order yield
Continuing to subleading two-loop order, the wavefunction renormalization condition (B26) yields
Finally, Eq. (B27) at two-loop order yields
We note that series coefficients, f Z m1,m2 and f X m1,m2 , are independent of momenta due to the cancellation of all momentum-dependent terms. This cancellation provides independent and highly nontrivial checks of the algebra and is one of many practical advantages of dimensional regularization.
β-functions
The previous sections provide the necessary ingredients for obtaining two-loop expressions for β-functions,
In order to obtain coefficients β X m1,m2 , we (i) express g
which follows from the requirement that microscopic couplings must be independent of probing energy scale, i.e., 
Note that the coefficients, β X m1,m2 , are all independent of and thus the -dependence only appears in the first term of each β-function. This cancellation provides another set of highly nontrivial checks for higher-loop calculations in the dimensional regularization scheme.
Combinatorial factors
The various combinatorial factors were obtained by implementing the following numerical algorithm: (i) form an orthonormal basis of replicon modes, e 
II are linearly-independent; (v) fit combinatorial factors obtained for various n (n = 6, . . . , 15 suffices for our purpose) by rational functions with integer coefficients, noting that the denominator has the form 2 p (n − 1) q (n − 2) r ; and (vi) validate the consistency of the expressions by repeating the calculations up to n = 22. The results follow. 
Appendix C: Two-loop Critical exponents
In this section, we obtain two-loop expressions for the two critical exponents, η and ν. The critical exponent η, which governs the decay of correlation functions right at the critical point, can be derived from the information obtained in Sec. B within the critical surface on which the mass of replicon modes stays strictly zero. The critical exponent ν, which governs the divergence of the correlation length as one approaches the critical surface, however, additionally requires the amplitudes with one insertion of the following composite operator, corresponding to the relevant replicon-mass deformation 1 2 n a,b=1
The bare amplitude is given by the sum of all the one-particle-irreducible Feynman diagrams with two external legs and one external double leg
These diagrams can be obtained from those in Fig. S2 by replacing one of their three external legs by a double leg. As before, this amplitude can be formally expanded in a series 
We renormalize the bare amplitude by introducing another renormalization factor
and requiring that
remains finite. This condition yields at one-loop
and at two-loop 
The critical exponents can then be obtained through the relations
where the anomalous scaling dimensions are defined by
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Explicitly we obtain
Three-loop perturbative expressions
In order to concisely display the results, let us first define:
where we introduced two new combinatorial factors through
(D16) As alluded to before, three-loop results were obtained in Ref. [40] for simpler theories with one cubic coupling. We need here to generalize their results to a theory with multiple cubic couplings. Looking at Feynman diagrams and corresponding contributions in Tables A1 and A2 of Ref. [40] , we arrive at the dictionary in Table I. Note that, for three-loop β-functions, some terms subdivide into a few distinct possibilities; relative ratio can be obtained by reading off the −1 -term in the corresponding amplitudes. With such a dictionary, we obtain critical exponents [recall For the replica field theory, the most demanding part of higher-loop calculations is evaluating the combinatorial factors, defined in Eqs. (D15)) and (D16) for those arising at three-loop order. We evaluated them using the method described in Sec. B 4, here fitting combinatorial factors obtained for n = 6, . . . , 21 by functions (D21)
Large-order behavior
In order to derive the equations of motion for the replicon field, we introduce Lagrange multiplier fields λ a (x) for the replicon constraint equations n b=1 φ ab (x) = 0 [70] , and extremize
We also include in the expression a quadratic mass term, µ 2 , which gives a scale to the problem and enables the largeorder analysis away from the upper critical dimension [71] . Field variations give the replicon equations of motion for a = b,
At large order, the bare coupling can be substituted by the physical couplings through the tree-level relation [71] , i.e.,
Eqs. (B3), (B6), and (B24)], which leads to
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As is standard [53] and proven in some case [52] , we assume that the saddle-point solution governing the large-order behavior takes the separable and spherically-symmetric form
Here the dimensionless spherical functionF (r) satisfies
and the constant symmetric matrix v ab satisfies the replicon constraints n b=1 v ab = 0 for a = 1, . . . , n .
This ansatz solves the replicon equations of motion for a = b if and only if
For general spatial dimensions d, the spherically symmetric functionF (r) can be obtained numerically by the pseudospectral method, as described in subsection D 4, whereas the matrix equation (D28) can be solved analytically by adapting the 1-step RSB ansatz [1, [56] [57] [58] . Specifically, by relabeling the replica index as a = (â 0 − 1)m 1 +â 1 , withâ 0 = 1, . . . , n m1 specifying the cluster of metastable states andâ 1 = 1, . . . , m 1 the state within that cluster, we obtain
) .
The only constant vector w a compatible with this ansatz is w a = w, independently of the replica index. The matrix equation (D28) under the replicon constraints (D27) yields in the replica limit n → 0 (where 0 ≤ m 1 ≤ 1)
The saddle-point replicon action
follows from integrating Eq. (D26) by parts. Note that the regularity at the origin dF dr r=0
= 0, and the proper decay atr = ∞ cancel the boundary term. Extremizing the action with respect to the RSB parameter m 1 ∈ [0, 1] gives
The RSB solution thus exists if and only if 1 < tan θ = g II P g I P < ∞, which is completely consistent with the existential condition of the RSB transition at the mean-field level [42] and nearly coincides with the two-loop basin of attraction. The value of A(θ) that governs the asymptotic series coefficients
k at large loop order k is further given by
which is positive in the wedge with 1 < g II P g I P < ∞, and thus validates the Borel-summability of the perturbative field theory precisely within the wedge that contains the fixed point.
Borel resummation with the conformal mapping
We start from an anomalous dimension γ with a double-series expansions of the form
In this form, the tree-level contribution vanishes, i.e. Υ 0 = 0, and the three-loop results yield the first three nontrivial coefficients, Υ 1,2,3 (θ). Its Borel transform is theñ
and hence γ = the Borel transform is expected to have a radius of convergence of unity [72] . Matching the expansion coefficients order by order leads tõ
Truncating the series at the third order in u and performing the inverse Borel transform, we obtain the three-loop The integration result is sensitive to the proximity of the initial guess to the nontrivial saddle-point solution: bad guesses diverge away from it. In order to circumvent this problem, we adopt the mountain pass algorithm developed in Ref. [55] . First, the full domain is subdivided in two: [ . Note that our results are robust against changes to the number of collocation points, as long as it is sufficiently large.
